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HANDOUT 1: WHY GENERAL FIELDS, AND HOW?
Most of the essential features of Galois Theory were covered in §1.

Motivations.

(A) Eliminate analysis. We used the “fundamental theorem of algebra”, hence relied on real
analysis. But the whole business seems to have little to do with R, C (Birth of abstract algebra —

early 20c).

(B) Number theory. There are finite fields, e.g. F,, := Z/(p) for primes p. Any Galois Theory
for these? (Yes; moreover, they have applications to Galois groups over Q, as we will see. Also

used in coding theory, etc.)

(C) Algebraic geometry. Discussions of “general equations™ suggests that we’d like to do Galois
Theory for K (X1, ..., X,) (function fields); when K = Q they were isomorphic to subfields of C,
but will no longer be so for K = C. Fields like C(X) occur as fields of meromorphic functions on
compact Riemann surfaces, and Galois Theory translates itself into geometry (and C(Xj, ..., X )

for n-dimensional manifolds [varieties]); for K = IF,,, it points to algebraic geometry over [f;,.

Problems.

Let K be an arbitrary field. All of §1 will work for extensions of K, if we have a sufficiently
large field K /K (an algebraic closure of K, analogue of the field of all algebraic numbers QcCcC
for K = @), which plays the role of C. But:

(A) Set theoretic difficulty. When K is uncountable, the construction of K requires the axiom
of choice (in fact for any K if we want to prove its uniqueness). But Galois Theory deals mainly

with finite extensions, so this must be unnecessary.

(B) Generality. We want to treat fields like
Kp:= K[X]/(P), forP € K[X]: irreducible,
as extensions of K, i.e. we don’t want to restrict ourselves to subfields of (a particular) K.
(C) Separability. In characteristic p > 0, irreducible polynomials can have multiple roots (i.e.

Prop. 15(i) is false)! This happens when taking p-th power roots, e.g. K = F,(T") where 7" is an
indeterminate and P(X) := X? — T = (X — f/f)p, irreducible in K[X].



Review of §1. Boldface items were for subfields of C.

Def. 1: Subfields, extensions. Def. 2: Finite/infinite extensions, Degrees.

Def. 3: Algebraic/transcendental (elements/extensions).

Prop. 4: Finite ext’ns are algebraic. Def. 5: Minimal polynomials.
Def. 6: Simple ext’ns. Prop. 7: Min. poly. are irreducible, degree of simple ext’ns.
Prop. 8: Tower Law. Def. 9: Ext’ns generated by finitely many generators.

Prop. 10: Finite <= generated by finitely many algebraic generators.

Lem. 11: Field hom’s are injective.

Def. 12: K-hom’s, Homg (L, L'). Def. 13: Rootp (L), conjugates.

Prop. 14: Roots and Hom’s I (simple ext’ns).

Prop. 15: Separability of irred. poly., [Homg (K (a),C)| = [K(a) : K]. Def. 16: TP.
Prop. 17: Roots and Hom’s IT (extending K-hom’s to simple ext’ns).

Th. 18: Separability |[Homg (F,C)| = [F : K]. Lem. 19: Homg (F, C) - Homg (L, C).
Th. 20: Primitive Element Theorem. Def. 21: K-isomorphisms, K -automorphisms.
Lem. 22: Homg (L, L) = Autg(L) for finite L/ K.

Lem. 22(iii): |Autgx(L)| < [L : K]. Def. 23: Galois ext’ns, Galois groups.

Prop. 24: Characterisation of Galois ext’ns (has all conjugates).

Def. 25: Splitting fields. Cor. 26: Splitting fields are Galois.

Def. 27: pup, primitive roots of unity, cyclotomic ext’ns.

Prop. 28: Gal(K (uy)/K) < (Z/(N))™.  Cor.29: Cyclotomic ext’ns are abelian.
Def. 30: Kummer ext’ns. Prop. 31: Gal(K ( ¥/a)/K) — Z/NZ.

Lem. 32: Subfields +» subgroups, fixed fields.

Prop. 33: F/K : Galois < FAux(F) — g

Th. 34: Fundamental Theorem of Galois Theory.

Cor. 35: Galois subextensions <+ normal subgroups. Def. 36: Galois closures.

Def. 37: Soluble groups & ext’ns. Lem. 38: Solubility & sub/quotients, abelian groups.
Def. 39: Radical ext’ns. Th. 40: Radical ext’ns are soluble.

Def. 41: Galois groups of polynomials.

Prop. 42: Gal(P) for irreducible P is a transitive subgroup of S,,.

Def. 43: Fields of rational functions. Prop. 44: Galois ext’ns with Galois group S,,.
Th. 45: Insolvability of Quintics. Def. 46: Cyclic ext'ns. Th. 47: Kummer Theory.
Lem 48: Galois groups of K'(«)/K and L(a)/L.

Th. 49: Soluble ext’ns inside C are radical.

Def. 50: Gal(P) N H for H <1 S,,. discriminants.

Prop. 51: Gal(P) C A, <= discriminant is a square.

30 October, 2012 t.yoshida@dpmms.cam.ac.uk
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HANDOUT 2: ZORN’S LEMMA AND ALGEBRAIC CLOSURES (NON-EXAMINABLE)

In order to prove the existence of the algebraic closure of an arbitrary field, it is necessary to
use an axiom of set theory known as Zorn's lemma. 1t is equivalent to the Axiom of Choice (see
e.g. Halmos’s Naive Set Theory), which roughly says that we are allowed to make infinitely many
choices at once. Some believe that one should avoid the Axiom of Choice wherever possible, as it
is less intuitive than the other axioms of set theory. However a lot of algebra (not to say analysis)
would be very awkward without it. If one is really concerned about its validity, it is worth pointing
out that one can often avoid using Zorn’s Lemma, at the expense of some notational complexity
(for example, instead of the algebraic closure of a field one can often make do with the splitting
field of a sufficiently large finite set of polynomials).

Definition. Let S be a set. A relation < on S is said to be a partial order if it satisfies:
(i) Forallz € S,z < ;
(ii) Forallz,y,z € S,ifr < yandy < zthenz < 2;
(iii) Forall z,y € S,ifzr < yandy < z then z = y.

S is said to be totally ordered by < if moreover:
(iv) Forall z,y € S, eitherz < yory < z.

A chain is a partially ordered set (S, <) is a subset 7 C S which is totally ordered by <. If 7" C S
is a chain then so is any subset of 7.

Example. (i) N and R are totally ordered sets (with the usual order relation).
(ii) Let S = {z € Z | = > 1} ordered by reverse divisibility:

gy +— zfyek

Then (S, <) is a partially ordered set. Let m > 1 and 7= {m' | i > 1}. Then T is a chain in S.
So is the subset {n! [ n > 1}.

(iii) Let X be any set, S the set of all subsets of X with inclusion as the order relation. Then S is
a partially ordered set.

Definition. Let (S, <) be a partially ordered set, and 7" any subset of S. An upper bound for T' is
an element z € S such that 2 < z forall z € T. (We don’t require that = € T.) Anelementy € S
is said to be maximal ifforany x € S,y < ziffz = y.

If S is totally ordered, then it can have at most one maximal element (easy). A general partially
ordered set can have many maximal elements. In the above examples:

Example. (i) In R an upper bound for a subset is an upper bound in the usual sense. There are no
maximal elements.

(i)InS = {x € Z| z > 1} an element x € S is maximal iff it is prime. Every chain has an
upper upper bound (take the element which is smallest for the usual ordering on IN).

Zorn’s Lemma. Let S be a nonempty partially ordered set. Assume that every chain in S has an
upper bound. Then S has a maximal element.
Zorn’s lemma is equivalent to two other axioms of Set Theory:

The Axiom of Choice. Let X; (i € I) be a collection of sets, indexed by a set 1. If each X; is
nonempty then so is the Cartesian product H X;.

il
The Well-Ordering Theorem. Every set can be well-ordered, i.e. we can define a total order on
it so that every non-empty subset contains a minimal element.

For example, using Zorn’s lemma one can prove that every vector space has a basis, by looking
at the set of all linearly independent subsets, ordered by inclusion.



Theorem. (i) For any ring R and an ideal I # R, there exists a maximal ideal which con-
tains R. In particular (taking I = ), any non-zero ring has a maximal ideal.
(ii) (Th. 58) For any field K., its algebraic closure K exists and is unique up to K-isomorphism.
Any algebraic extension of K is K-isomorphic to a subextension of K | K.

Proof. (i): Let S be the set of all proper ideals (i.e. # R) containing I, ordered by inclusion. It is

nonempty since [ € S. Let T' C S be a chain. Define .J := U 1. We claim .J is an upper bound
IeT

for T'. What is not obvious is that J € S. As .J is a union of ideals containing I, it is clearly an
ideal containing I. Moreover it is a proper ideal, for if not then 1 € .J which is true iff 1 € I for
some I € T, which is impossible as [ is a proper ideal. Therefore .J € S and so .J is an upper
bound for T'. By Zorn’s Lemma, S has a maximal element.

(ii): Consider the set A of all pairs A = (P, i) where P € K[X] is an irreducible monic and
1 < i < degP. Consider a variable X, = Xp; for each A\ € A, and the polynomial ring
A = K[X) | A € A] in all these variables (but note that each of its elements (polynomials)

involves only finitely many variables). For each irred. monic P € K[X], consider the polynomial
deg P

P'(X) = P(X) — H (X — Xp;) € A[X], and let zp; € A be the coeff. of X* in P'(X) for

i=1
0 <i < deg P. Let I be the ideal of A generated by all zp; € A forall P.
We first show [ £ A. Assume [ = A, i.e. 1 € I. Then:
T

Fiyees s €Ay Y 0jERY =1EA

g=1 deg P;
Let F be a splitting field of P; - - - P, (Prop. 56). Then each P; splits as P;(X) = H (X =)
i=1
in F[X], with aj; € F'. Consider the “substitution” map f : A — F defined by F(Xp i) = i
forl1 < j<mnand1l < i< degPj,and f(X)) = O for all the other X . Then under this ring
hom. f, the poly. Pj(X) € A[X]is sent to P;(X) — [[;(X — aj;) = 0 € F[X], thus we see that
f(.'l':pj‘;') =0e€ Fforalll <i < degP;. Therefore 1 = f(1) = f(zj ﬂjfl?pj?ij) =0inF,a
contradiction.

Hence take a maximal ideal ) of A containing I by (i), and consider the field K := A/Q, which
is an extension field of K. Let a := X mod @ € K. Then every irred. monic P € K[X] splits
as P(X) = [[.(X — ap;) in K[X]. In particular e is alg. /K, and K /K is algebraic, as every
el’t of K is a poly. in avy. If L/K is alg., for every = € L its min. poly. lies in K (avy,,...,ay, )
for some Ay,..., A\, thus z is alg. over K. As the min. poly. of x over K splits in K, we have
z € K. Hence L = K. Therefore K is alg. closed.

Now let F'/K be alg., and let S be the set of all pairs (L, 7) where L is a subext’n of F'/ K and
7 € Homg (L, K). Itis an ordered set if we define (L1, 71) < (L2, 72) <= L1 C La, To|r, =
7. For any totally ordered subset T' of S, the el’t (Ly, ), defined by Ly := U{L,T)ET L and
7r|L = 7 for (L,7) € T, is an upper bound of 7. Thus we can take a maximal el’t (M, p) of
S by Zorn’s Lemma. For all z € F, we have Homy, (M (z), K) # () by Prop. 14, as K is alg.
closed and the min. poly. of  over M splits in K, therefore the maximality of (M, p) implies
M (z) = M. Thus M = F, and F is K-isomorphic to p(F) C K by p. If I is an alg. closure of
K, thensois p(F), and as K is alg. over p(F) we have p(F') = K, i.e. pis a K-isomorphism. [J]

1 November, 2012 t.yoshida@dpmms.cam.ac.uk
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HANDOUT 3: GAUSS> LEMMA (FROM GROUPS, RINGS & MODULES)

Let A be an integral domain, and a, b, p, ... € A. We write (a) := {ad |d € A} C A.

Definition. We say a is a divisor of b, or a | b, if b € (a). A unit is a divisor of 1, and A™ denotes
the multiplicative group of all units in A. Note A[X]* = A*. We say a, b are associates if a | b
and b | a, i.e. b = ad withd € A*. An element p, not 0 nor a unit, is called irreducible if all its
divisors are its associates and units; prime if p | ab implies p | a or p | b for any a,b. We say A is
a unique factorisation domain (UFD) if every el’t of A, except 0 and units, is a product of primes.

Fact. If a is a unit/irreducible/prime, then so is its associate. Every prime is irreducible. A
factorisation of an element into a product of primes, if exists, is unique up to associates.

Definition. Let AbeaUFDand ay,...,a, € A, notall zero. For a prime p, let p™ be its maximal
power dividing all of ay, .. ., a,. Then p™ # 1 for only finitely many p up to associates, and their
product, defined up to associates, is called the greatest common divisor (GCD) of ay, ..., ay.
Every el’t in the field of fractions K of A is written as a/b where the GCD of a, b is 1, and b is
called its denominator. For P € A[X] \ {0}, its content ¢(P) € A is the GCD of its coefficients.

Lemma. Let A be a UFD. If P,Q € A[X]\ {0}, then ¢(PQ) = ¢(P)c(Q) (up to associates).

Proof. Note ¢(P) | P and P = ¢(P) - P’ with ¢(P') = 1. So STP if ¢(P) = ¢(Q) = 1 then
¢(PQ)=1.LetP =Y a; X%, Q = ijXj, and PQ = Y d;.X*. Foraprime p € A, leti, j be
minimal such that a;,b; ¢ (p). Then every term in d;y; = ) apbiij is in (p) except for a;bj,
which is not divisible by p, hence d;; ¢ (p). Hence ¢(PQ) = 1. O

Gauss’ Lemma. Let A be a UFD and K be its field of fractions. Consider A C A[X] C K[X].

(i) A prime p of A is a prime of A[X]. If P € A[X] is a prime of K[X| and ¢(P) = 1, then
it is a prime of A[X].

(ii) The poly. ring A[X] is also a UFD (hence so is A[Xy, ..., X)), all whose primes are as
seen in (i). For every monic in A|X), its prime factorisation in K [X] into monics gives its
prime factorisation in A[X].

Proof. (i): If pis a prime of A and p | PQ for P,Q € A[X], then p | ¢(PQ) = ¢(P)c(Q) by the
Lemma. So wlog p divides c¢(P), hence divides P. Suppose P € A[X] is a prime of K[X] and
¢(P)=1.If P | QR for Q, R € A[X], then wlog Q = PS in K[X]. Clearing the denominators
of S (i.e. multiply the GCD of the denom’s of all its coeff’s) to get S” € A[X]| with ¢(S") = 1, we
have a@Q = PS’ witha € A. Then a - ¢(Q) = 1 by Lemma, so ¢(Q) € A%, thus P | Q in A[X].

(ii): STP: every P € A[X], not a unit or 0, is a product of primes of the form seen in (i). Firstly
P = ¢(P) - P' with ¢(P") = 1, and ¢(P) is a product of primes of A, seen in (i). So assume
¢(P) = 1. Let d be the leading coeff. of P, and P = dP, - - - P, be the prime fact'n in K'[X] into
monics. Clearing the denom’s of P; to get P/ € A[X] with ¢(P}) = 1, we have aP = bP;}--- P,
witha,b € A\ {0}. These P/ are primes of K[X| of the form seen in (i). Now the Lemma (taking
¢) shows a, b are associates in A, hence P = P - -- P! by replacing P| with its associate in A[X].
When d = 1, the leading coeff. d; of P! is in A* since d; | d, hence P, = d; ' P € A[X]. a
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HANDOUT 4: A SLIGHTLY BETTER PROOF OF PRIMITIVE ELEMENT THEOREM

I found (in my old friend’s notes) a slightly better statement/proof of PET (Th. 20). It doesn’t
use induction on the number of generators, and instead of linear combinations of two generators
uses more general polynomials and proves in one go. It has the advantage of weakening the
hypothesis (*) there — now we don’t need to care about the intermediate fields, so for example
we immediately see that any Galois extension is simple. At the same time, it proves that number
of K-hom’s are bounded by the degree (which we postponed until Lem. 76). This would have
enabled us to prove the Fundamental Theorem over general infinite fields in §1 with exactly the
same proof. (But we were mainly interested in subfields of C there, so it’s a minor improvement.)

Primitive Element Theorem. (Th. 20) Let F'/ K be afinite ext'n. Then we have |Hom (F, F)| <
[F : K] for any ext'n E/K. Moreover if it is an equality for some E /K, then F/K is simple. (In
particular, every finite ext'n inside C is simple by Th. 18.)

Proof. When | K| < oo (finite fields), the simplicity is proved directly (Th. 68) and the first claim
follows by Prop. 14. So we assume |K| = oo (e.g. any K C C, in which case Q C K).

Let F = K(ajy,...,ay) (Prop. 10), and 71,...,74 € Homg(F, E) be distinct. If we find
a € F such that 7y (), . .., 74(c) are all distinct, then 75| () € Homg (K (), E) (1 < j < d)
are all distinct, hence

Prop.14
d < [Hom (K(e),E)| < [K(a):K]<[F:K],

and moreover if d = [F' : K] then it forces K () = F, so we win.

k3
Let P= Z%‘Xi € F[X], and we try « € F of the form a = P(z) with 2 € K. Since
i=1
ai,...,a, generate /K, if j # j' then we cannot have 7 () = 7jr(;) forall 1 < i < n. Thus
7; P € E[X] are all distinct poly’s, so

] (=iP(X) — 7 P(X)) € E[X]

J#d
is a non-zero poly., hence 3z € K which is not its root, since |K| = oo (Lem. 53(ii)). Then
7 P(z) # 7; P(x) forany j # j', i.e. for a := P(z) the el'ts 7;(«) are all distinct. O

Consequences. (i) Lem. 22(iii) (i.e. |Autk(L)| < [L : K] for finite L] K), without “inside C”,
follows from Lem. 22(ii) (i.e. Homy (L, L) = Auty (L)) and this PET.

(ii) Every Galois ext'n (for general fields) is simple by this PET. If L = K(a), then L/K is
Galois iff | Rootp, (L)| = deg P, (i.e. it splits into distinct linear factors in F'[X]), where P, is
the min. poly. of & over K, by Prop. 14 and 7(ii).

(iii) Thus Prop. 33 and Th. 34 (FTGT) are proved for general fields. The first half of the proof
of Th. 34 will go as follows: let F' = K () by PET. The remark (ii) says | Rootp, (F')| = deg P,,
where P, is the min. poly. of « /K. Take L. The min. poly. Q, of & over L divides F,, hence
| Rootg, (F)| = deg Qq. As F = L(a), the same remark says F'/L is Galois. Now Prop. 33(i)
shows FAULUF) — [, The rest is unchanged.
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HANDOUT 5: WHAT NEXT?
Galois Theory is related to many areas of pure mathematics.

Part Il courses.

(A) Number Fields. Natural continuation of our study of Galois groups over Q leads to al/ge-
braic number theory. By defining the ring of integers for number fields (finite ext’ns of Q), the
contents of §2.4, §2.7 receive a cleaner treatment and further generalisations.

(B) Algebraic Geometry. The theory of finite ext’ns of fields is nothing other than 0-dimensional
algebraic geometry. Algebraic manipulations of function fields (with many variables) and their
subrings are imbued with geometric intuitions by the study of algebraic varieties (geometric ob-
jects defined as zero sets of polynomials in many variables).

(C) Riemann Surfaces, Algebraic Topology. 1-dim’l algebraic geometry over C grew out of
complex analysis via theory of Riemann surfaces. The function fields over C appear as fields of
meromorphic functions, which are at first treated by analytical methods. Geometry of complex
manifolds, including their topological properties, are translated into algebraic theory of fields.
Topological analogues of the field ext’ns and their Galois groups are the covering spaces and the
fundamental groups in algebraic topology.

(D) Representation Theory. The Fundamental Theorem of Galois Theory says that the symme-
try groups (automorphism groups) control mathematical objects — then in turn one can study a
group by studying how it acts on various objects. Representations are the most important examples
of this principle, namely vector spaces on which a group acts.

Further afield.
Progress in many areas of maths and physics were philosophically based on Galois Theory, but
here we mention some research areas directly connected to Galois Theory.

(A) Categories, Schemes, Toposes. FTGT can be seen as a classification of fields in terms of
objects (here Hom sets) acted on by the Galois group. This is best understood in the language
of categories. Grothendieck pushed this idea further to revolutionise algebraic geometry by the
theory of schemes and toposes, where Galois groups and fundamental groups are unified. Now
Galois Theory is an example of descent theory, obtaining global objects by glueing local objects.

(B) Number Theory. There are many unsolved mysteries on the absolute Galois group of @, not
only the inverse Galois problem. Its representations, Galois representations, are the main object of
study in modern algebraic number theory (e.g. solution of Fermat’s Last Theorem). Generalising
class field theory (the theory of abelian ext’ns of number fields), deep connections with algebraic
geometry and representation theory (modular forms) are proposed (the Langlands program).

(C) Arithmetic Geometry. Grothendieck’s reformulation of Galois Theory lead to the conjec-
tural existence of the motivic Galois group, a huge extension of the absolute Galois group of a
field, which controls the motives (cohomology theories) of algebraic varieties of arbitrary dim’n
(as opposed to 0-dim’n in Galois Theory). The theory rests on many unsolved conjectures, but
gives a dream vision of a vastly extended Galois Theory.



Review of §82—3.
Def. 52: Characteristics, prime fields. Lem. 53: K[X]isa UFD; |Rootp(K)| < deg P.
Def. 54: Splits in E, splitting fields.
Lem. 55: Splits <= JK-hom from a splitting field; | Rootp(FE)| constant when split.
Prop. 56: Splitting field exists, unique up to K-isom.
Def. 57: Algebraically closed, alg. closures. Th. 58: Alg. closure exists, unique up to K-isom.
Lem. 59: K finite = |K| = ¢ = (char K)d, and K is a splitting field of X7 — X
Def. 60: Derivation. Prop. 61: Leibniz’s law; multiple root of P = common root of P, D(P).
Cor. 62: X — 1 has no multiple root unless char K | N.
Lem. 63: =~ z* is Fp-hom. in char. p. Def. 64: Frobenius map Fr;; g-th power Frob. Fr,.
Th. 65: 3Fy, unique up to Fp-isom., for each ¢; F, C Fy < ¢ = q".
Lem. 66: Fr, € Auty, (Fyn), order n. Lem. 67: Finite subgroups of K* are cyclic.
Th. 68: [Fyn /F, is simple and Galois. Def. 69: Cyclotomic ext’ns, primitive roots of unity.
Prop. 70: Cyclotomic poly. @ € Z[X] has all prim. N-th roots of 1 as roots ((char K, N) = 1);
Gal(K (uy)/K) < (Z/(N))™, all irred. factors of ® y in K[X] have deg. [K (py) : K].
Th. 71: Irreducibility of Cyclotomic Polynomials. Def. 72: Separable polynomials.
Lem. 73: P separable <= coprime to D(P); Irred. P separable <= D(P) # 0;
Every irred. P separable in char. 0; Separability is stable under K-hom’s/factors.
Def. 74: Separable/normal ext’ns. Lem. 75: Inequality from Roots & Hom’s II.
Prop. 76: |Homg (F, E)| < [F : K| when F/K finite. If equal, then forany K C L C F,
[Homg (L, E)| = [L : K] and Homg (F, E) — Homg (L, E).
Th. 77: Characterisation of separable/Galois ext’ns; Finite /K sep. <= F/L,L/K sep.
Th. 78: Primitive Element Th’m (Finite separable = simple).
Prop. 79: For a product of separable poly’s, splitting field is Galois and Prop. 42 valid.
Prop. 80: Cycle type of Fr,, in Gal(P) — S,,. Def. 81: Elementary symmetric polynomials.
Prop. 82: Rational Symmetric Function Theorem. Th. 83: SFT.
Th. 84: Gal(P) for P € Z[X] and factorisation of P mod p. (Lem. 85: auxiliary.)
Lem. 86: Hompg.s(V, E) is an E-v.s. with dim.= dimg V.
Prop. 87: Dedekind’s Lemma (linear independence of K-hom’s).
Prop. 88: Artin’s Lemma (G finite = F//F“ Galois with Gal(F/F®) = G).
Def. 89: Ext’'ns/morphisms (generalised). Def. 90: Finite/Galois ext’ns, degrees.
Lem. 91: Hom sets bijective with the old Hom g sets. Def. 92: Towers of ext’ns.
Prop. 93: Hom for towers, Tower Law, Towers & Galois ext’ns.
Def. 94: Traces/norms. Lem. 95: Trace is K-linear, norm is multiplicative.
Lem. 96: Trace/norm & min. poly.; transitivity of traces. Prop. 97: Insep. = trace map = 0.
Prop. 98: Sep. = trace/norm is sum/product of conjugates. Th. 99: Sep. <=> trace map # 0.
Th. 100: Hilbert’s Th. 90. Cor. 101: Kummer theory.
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