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Sperner’s lemma and Brouwer’s fixed point theorem

The purpose of this note is to correct the oversight made in lectures in connection
with this deduction. Best to draw coloured triangles when trying to work through this!

Recall that Sperner’s lemma is the following.

Theorem 1. Suppose you triangulate the n-simplex T™. Colour the vertices of the tri-
angulation with colours 0,1,...,n so that the n + 1 extremal vertices get each colour
once, a vertex in an (n — 1)-face gets the same colour as one of its n extremal ver-
tices, and all other vertices are coloured arbitrarily (this is called a Sperner colouring).
Then there is an elementary subsimplex (minimal simplex in the triangulation) which
is multicoloured.

Recall also that we reduced Brouwer to the following statement:

Theorem 2. There is no continuous retraction f : T™ — OT", that is to say a contin-

uous map which preserves the boundary.

Let’s show how this follows from Sperner’'s lemma (you are only really supposed to
worry about the case n = 2).

Let £ > 0 be arbitrary. Then 7™ may be triangulated in such a way that each
elementary subsimplex has diameter < . This is obvious by picture when n = 2, and
the case n > 3 is on the example sheet. We're going to make a Sperner colouring of
this triangulation. First of all, colour the n + 1 extreme vertices of 7" arbitrarily with
each colour 0,1,...,n being used once.

Now (and here we depart from lectures) I claim that there are closed sets Vp, ..., V,, C
OT™ with the following properties: |

(i) wuWu---uV, =0Tm
(ii) If F; is the (n — 1)-face opposite the extreme vertex of 7" which is coloured ¢,
then Ff_ M I/i = B

In lectures I tried to take V; to be the union of all faces other than F;, but this won't
work as (ii) is violated. I'll leave you to convince yourself that such V; exist. When
n = 2, so that 7% is just a triangle labelled with 0, 1,2, you can take V; to be the vertex
i together with the 90% nearest i of the two edges containing i (but not 100% as I tried
to do in lectures!).

Now colour the vertices of the triangulation in such a way that if v is coloured with
i thel%)e Vi. By property (i) this is possible. Also, if v lies in the face F, opposite %,
then by (ii) we see that v is not coloured with . So this is a Sperner colouring,.

Applying Sperner’s lemma, there is a simplex with vertices :cff}, 2 with :z:EEJ
coloured 1.



1 1
19"

, ... tending to some point z. Each sequence 3:;61), :1:;52}, ... then

Take a sequence of ¢'s tending to 0, say 1
(e2)
0

.. .By Bolzano-Weierstrass there is a
subsequence a:gf’),:z:
tends to z automatically.

Now més") is coloured 0, and so f (o.:ff”) € Vi. Since V; is closed and f is continuous,
we may take limits as i — oo to conclude that f(z) € V4. Similarly f(z) € V4,...,V,.
But f(z) lies on the boundary 97", and so it must certainly lie in some face F; and
hence not in V; by property (2).
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Two slightly tricky statements about continued fractions

Let a be a real number, and let [ag, a1, az,...] be its continued fraction expansion.
Write Eiﬁ for the convergents. To avoid annoyances, I'll assume that this expansion is
infinite. This is so if and only if « is irrational. The less obvious direction is the only
if direction, which is the statement that the continued fraction expansion of a rational
number is finite. To see this, suppose that a = 35’ is rational and has an infinite continued
fraction expansion. Certainly, for each k, we have ‘3 F# Ef‘ and so

However we also know that o — 25| < Elg Hence q; < ¢ for all k, a contradiction.
k

We proved in lectures that

@<&<---<a<---<@<&.
do P a3 1
Also, remember, we have
) 1
o — 2| <
Ak Akk+1

for all k.
We will make very frequent use of the following observation: if § and %: are distinct
fractions in lowest terms, then
a a _ |ab' —a'b| - &
b v bl -
Now down to business. We first prove that convergents to a are record approximants
in a certain sense.

Theorem 1. Let a be an irrational real number and let -3—" be the convergents to o.
Pk-1

Suppose that k is odd. Then any rational in the interval (qu

|§f) has denominator
greater than q,. A similar statement holds when k is even.

Proof. Suppose that some rational § in lowest terms lies in the interval stated and
that ¢ < gx. We split into two cases.
Case 1. a < 5 < "—sf. Then

1 1 L.
|p—k-E|>~—> >|a—&,
k. q qqk qrGr+1 dk
contradiction,
Case 8, B = 2 2 &, Then
k-1 q

Pr—1 P ! 1 k—1

2t By — > Jo— 2221,

k-1 q qqr—1 AkQr—1 r—1

contradiction. O
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Lemma 1. For all k we have |a — ﬁ:—:]‘| - e §f|

Proof. Smce * and Eﬁ lie on opposite 81des of v, it is enough to show that |p:':i —§i| >

2la — |, However we have ot | and |o — 25| < , and so it suffices
=1 qk— IQk Qk:{;"k+

to show that quy1 = 2qi_1. This follows from the fact that qry1 = ars1qr + Q1. O

Putting these facts together, we immediately obtain the following result.

Theorem 2. Suppose that o is an irrational number and that Ef 18 a convergent to a.
Then the only rational 2 with g < g for which |a — 2| lov — ";—H 18 % itself.

Secondly, we prove that all good approximants to a are convergents.

Theorem 3. Suppose that E is a fraction in lowest terms and that |a — E| < 2 . Then

q
B_ B
= for some k.

Proof. Since the denominators g, are increasing, we may select a unique k such that
Gk < q < qry1- Suppose that 'E_: i % (the other case is very similar).
First note that if E < Ei then
] 1 i)
B-EsE Kz 5
q q Gk qqk

=

contrary to assumption.
If g — Eia then we are done. Suppose, then, that 2—: < g‘ We have

: 1 1
|p & > > |la— 2 ,
q i qq Gkqr+1 qk

so in fact & s E By the previous theorem, we cannot have £ < 2L and hence

q Q4+
%:— <a< p““ < 9 We now divide into two cases.
Case 1. (q large). Suppose that ¢ > 2qk+;. Then
p P Pkt 1 1
a=By > BBy — 5 o
¢ 4 G Q9+ 2q
contrary to assumption.
Case 2. (¢ small). Suppose that ¢ < 2gx+1. Then
p P Dk Pk 1 1 3 s | 1 §
L B e ]
q gk Ak qqk  Geqk-+1 k. 4 Qi+ q

also a contradiction.
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