2 PART IIT ELLIPTIC CURVES - FORMULA SHEET

Any two Weierstrass equations for the same elliptic curve E over K
are related by substitutions of the form
z = ud'+r
y = udy +ulsz +1
where u,r,s,t € K with u # 0. The coefficients a; of the new Weier-
strass equation are related to the coefficients a; of the old via

ua) = ap+2s
uld, = ay—sa;+3r—s’
(3) wday = az+ra+2t
uld, = aq—saz+2ray— (rs+t)a+ 3r2 — 2st
ubal, = ag+ras+riag+ r3 — tas — t2 — rtay.

The various associated quantities are transformed by
u?by, = by +12r

(4) ulty, = bg+rba+ 612
uabg = bg+ 2rby + T'sz + 473
uBby, = bg+3rbs+ 3r’bs + r3by + 3rt

and utd, = ¢4, uScy =g, u?A' = A, j' = 3.

Let P, = (x1,1) and P = (z2,%2) be points on (1) with Py, P, Py +
P, # 0p. Then Py = Py + P, = (x3,¥3) is given by

Ty = )\2+a1)\—a2—$1—$2
ys = —(A+ay)zz3—v—as
where if 21 # x5 then
Y g Y2 — Y1 Y1Ta — Y21
— ———~, = ————————
Iz —I Ty — Iy

and if z; = zo then
) = 32?2 + 20271 + ag — QY1
2y; + a1z + a3

and -
—23 + a4z + 206 — A3Y1

2y + a171 + a3

7 =

It is sometimes convenient to work with formulae in z only. Spe-
cialising to the shorter Weierstrass form (2), assuming P, # P, and
putting Py = P, — Py = (24,y4), we obtain

2($1$2 = (1) (3:1 + .’52) + 4b
g = @—z)?
2 — 2az, Ty — 4b(z1 + T2) +

(z1 — 22)?

o

T3lqs =



PART III ELLIPTIC CURVES
FORMULA SHEET

A Weierstrass equation, over a field K, is an equation of the form
(1) y* + arzy + azy = 7° + a97” + a4z + ag
with coefficients ay,...,ag in K. If char(K') # 2 then we may replace
y by 2(y — a1z — a3) to obtain an equation of the form
y2 = 4.’.133 -+ b;z.'L'z -+ 2543 + bﬁ
where
bg=af—|—4a2, by = 2a4 + aya3, 56203—1—405.

If further char(K) # 3 then we may replace z by 3¢(z — 3bg) and y by
l—égy to obtain
y? =23 — 27c4x — Hdcg
where
Cq4 = b% — 2454, Cg = _bg + 36526’4 = 216b6
The discriminant A € Z[ay, . . ., ag] is defined by
A = —bibg — 8b3 — 27b% + bybybg
where
bs = ajag + dazas — aiazas + a,gag —aj3.
It can be shown that (1) defines a smooth projective curve (and hence
an elliptic curve, with origin the point at infinity) if and only if A # 0.
If char(K) # 2 then this already follows from the usual formula for the
discriminant of a cubic polynomial. A separate argument is required
in the case char(K) = 2.
The following relations may also be verified
453 = bgbs = bg, Ci = Cg = 1728A.
The j-invariant is j = cj/A.
If char(K) # 2, 3 it suffices to consider elliptic curves of the form
(2) v¥=2"+az+b
in which case
. 1728(4a%)
A = —16(4a® + 27b* =—
A2, 4a3 + 272
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Chapter 4

The Group Law

Let E C P? be a smooth plane cubic with Og € E.

R

By Bezout’s Theorem, £ meets any line in three points, counted with multiplicity. Let
PQecE.Let S=PQNE,let R=0gSNE. Define PO Q = R. If P =Q, take TpE
instead of PQ etc. This process is called the chord-and-tangent process.

Theorem 4.1. (E,®) is an abelian group.

Proof. (i) PeQ=Q®P.
(ii) O is the identity.
(iii) Given P,let S =Tp,ENE and Q= PSNE then 8P =Q, ie.,, P®Q = Op.

P
b O

Q
S\

Note that if Of is a flex then § = Og in the above.
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14 The Group Law

(iv) Associativity is much harder to prove. O

Now assume that K = K.

Definition. Dy, Dy € Div(E) are linearly equivalent if there exists f € K(E)* such
that div(f) = Dy — Do. Write Dy ~ D, and [D] = {D’ : D' ~ D}.

Remark. Theorem 28 applied to f: E — P! shows deg(div(f)) = 0, so D; ~ Dy
implies deg(D;) = deg(D2).

The principal divisors, i.e., div(f) for f € K(E)* are a subgroup of Div(E) since
div(fg) = div(f) + div(g).

Definition. We define the groups Pic(E) = Div(E)/ ~ and Pic°(E) = Div°(E)/ ~
where Div®(E) = {D € Div(E) : deg(D) = 0}. For the moment, we also define the map
¢: E— Plc (E) P~ [P - Og].

Proposition 4.2. (i) ¢(P® Q) = ¢(P) + ¢(Q). Neto Diw°(E) in aon- e"‘f’é Twﬁe

(ii) ¢ is a bijection.

Proof. (i) Consider the lines [ =0 and m = 0.2 opeaygvj.a‘. % t'LO- d«aﬂM

m=0

Then I/m € K(E)* and
div(i) —P+S5+Q-0g—S5—-R
m

.
Aocamae M =P+Q~=Op-R
redionad

=P+Q-0Op—-PaQ

so P+Q~P®Q+0Og,hence P& Q —~0Op ~ P— 0O+ Q — Og and finally
(P & Q) = ¢(P) + ¢(Q).

(ii) (Ingective.) If ¢(P) = ¢(Q) then P — Q ~ 0 so P ~ Q. So there exists f € K(E)*
such that div(f) = P — @, then deg(E 5 P!) = 1 and hence E = P!, which
contradicts E being an elliptic curve unless f is constant so P = Q.

(Surjective.) Take D € Div°(E). Then deg(D + Og) = 1. By Riemann-Roch,
dim £(D 4 Og) = 1 so there exists f € K(FE)* such that div(f) + D+ Og > 0.
The left-hand side also has degree 1. Therefore, div(f) + D + O = P for some
Pe E. Then D+Og ~ Pso D ~ P—QOg and finally [D] = [P-0g| = ¢(P). O

Rizsmonn~ Roch fr Cunen off Gonwa |

dim Y\ (D) = ( g0 1‘6-0&5(0)>O
Oor|

(@)
&) <D
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Define sum: Div(E) = E,Pi++ - Po— (@144 Qs) — (P1®---®P.)S(Q1®---®Qs).
If D € Div°(E), say D = }_n;P;, then D = ) n;(F;, — Og) so

[D] =Y " ni[P, — O] = ) ni¢(P;) = ¢(sum(D))
by Proposition 4.2 (i). So D ~ 0 if and only if sum(D) = Op.

Corollary 4.3. If D € Div(E) then D ~ Og, i.e., D is principal, if and only if deg(D) =
0 and sum(D) = Og.

4.1 Formlae for £ in Weierstrass Form

We consider an elliptic curve with general Weierstrass equation
E: y2 =ajzy + azy = z® + agx2 + a4 + ag. (*)
Or

Pl/\Pz

y=Az+v P’

Pi=Pi@P;

The inverse of (z,y) is (z, —(a1z+a3) — y). Substituting y = Az + v into (*) and taking
coefficients of z2 gives A2 + aj\ — ag = 1 + 22 + &' = 71 + 22 + 23 50
:1':3::/\2—}—(11).—{12—3:1 —iy,
Yy =’ +v,
ys = —(a1z3 +ag) — Az —v = —(a1 + A)rz + a3z — v
It remains to give formulae for A and v.
Case 1. z; = z9, P; # P». Then PP =0g.
Case 2. =1 # z3. Then

= T1Y2 — T
N 120 y2} Y=g — A= 142 = Tah1
I — Ig I — &2

Case 3. P, = P,. Use the tangent line, see formula sheet.
Theorem 4.4. Elliptic curves are group varieties, i.e., the group operations
[-1]: E— E, P — &P, @:ExE—EFE

are morphisms of algebraic varieties.

Proof. (i) [-1]: E — E is a rational map and hence a morphism.

by el becos.
E & amedh
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(ii) We need to show that @ is a morphism. The formulae in Case 2 show it is a
rational map regular on U = {(P,Q) : P,Q,P® Q,PoQ # Og}. Fix Pe E
and define the translation 7p: E — E, X — P @ X. Note that 7p is rational so a
morphism. We can factor & as

B B AYE, gy p 8, p 2808, p

(P, @) 3 PrA,Q+R) > (PrA+Qe) > (P+ &)
for any A, B € E. So @ is regular on all translations of U, and these cover all of
E x E. Thus & is a morphism. O

Let K be any field and E an elliptic curve over K. Set
E(K) = {(z,y) € K?: y* + a1zy + agy = z° + a22® + asz + ag} U {Og}.

Lemma 4.5. (E(K),®) is an abelian group.

4.2 Statement of Results

(i) K=C, E(C) 2 C/A=R/Z x R/Z, where A is a rank 2 lattice, and the isomor-
phisms are isomorphims of topological groups.
To add further brief remarks, note that the meromorphic functions on C/A corre-
spond precisely to the A-invariant meromorphic functions on C. The function field
C/A is generated by p(2) and p'(z) where p is the Weierstrass function. One shows
that C/A = E(C) for some elliptic curve E/C. The Uniformisation Theorem gives
that every elliptic curve E/C arises this way.

(i) K =R,
E(®) = {Z/zz xR/Z A >0,
R/Z A <0.

(i) K =Fy, |#E(Fy) — (¢ +1)| < 2,/g, which is Hasse’s Theorem.

(iv) [K : Qp] < 00, Ok the ring of integers. Then E(K) contains a subgroup of finite
index isomorphic to (Ok,+).

(v) [K : Q] < oo, E(K) is a finitely generated abelian group, which is the Mordell-
Weil Theorem. From basic group theory, we know that if A is a finitely generated
group then A = F' x Z" where F is a finite group and r is the rank of A. If K is
a number field then proof of the Mordell-Weil Theorem gives an upper bound for
rank(F). But there is no algorithm proven to compute the rank in all cases.
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thot oithe ELPY = 557 Vrzl or ELZJ=O0 Yral.
Lomma, 6°6 e’
Lot Alba an obalisn grove (or Z-moclule)
Laé?,’A9ZAn. MWM&M
I3 Ve A, bon lg,(+0) 4By t¥)] < 2 Tty %)
Proof <@ W Tk, ooy Schuocke
W&%WWGﬁ#O,MJ%M
LetmneZ, OS 3 (mPeatlW) = L ludsnV, mP+at)

(o7 = 20 S 2y (@) + mn <P WD ¢ n2q (W)

<& v, i
— ?/(é) (M.+ '"zﬁn) + nt (%;W) Z;_(_‘_S_J
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o]/(/q/) - % 0O = <¢;U>Zs<4‘7,(¢)q/(w)
2 |<$,4>] < 2 b} a
Thaorep b7 (Hurae)

B o ellite coe.. Tha W E(R,) -Gl <2]3

Preog

Recoll Cal (B2, ) o ayelis oy oehm 1, guoalid Ay

F:Xooc¥, ok £ ke Weintuns auolin wall coffiiond
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E: V24 a,xYZ +a3YV2 = X3+q, X2 +au¥Z a2
Z

Aﬁwr. paca. Y#0 é="§7'w=-;
E:w= t+atwra, tv +azut+actw? +a w3 = Ml

Wo wil condrntin pose sais wE L[ o JIEAD,

wch Gol wit) = \D[br w(t))
Lopet, Aza, Aza’+a,, Ay=a2+23,9, tay .
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lLE/CEAQ-&N% Imwlﬂoé. RI’G—CJ«.M ‘faé/ew
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/FeQEfJ S€ 25 .
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longfth
Profy 5
Pek angy X €@ walh F'(a) =X (mad T ) (tog ¥ER™)
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= 3 kg w(€) e R . Mj'“é, wit)) = L)
wl) 20 (mal T?)




3/o/12 Ellple Canes @

Rew k.

lhéng w= lin the prof , by Wi WA wp = O
Waer = T(E, i)

Loma, 72 ReK® .,

Lot Rbean ikgml domain, |complels, ui reppect & TS R.
q‘/_"‘q‘ﬁg. k""" M{R)
Ton E(D) = { (¢, wt)) €ELk) | e L]

w a M%E{t) /E(.L')

pﬂ’é w Tebng £=0 ohas O€ELK)

¢ P pet(_t) 9 -L - ﬂeE(@
We hawve b, 626L, wy=wib) € T,
Wy, = wéb-z,) eL. w) = E(1+AE4L . .|
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vzw-ﬂﬁet. = P P, P die on w=Atv
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R a frg, LR on plhd

A segusace (Xalao in R is Cm.ja 4 Vi, INuch that
Xn-xa €I Vm,n>»N.
wlt)e Z[a.,.., a JJIe]]
| P—- T
R an idigwd doriin comyle wirt. I. K= Frne (R). a,..,% €R.
E(T) = [ (¢, we)eEk)|teT] < Elk)
L/e,appé Lemme. 72 for R pover nade= ring,
Tk R = Z[a,.,ac Y3 , T= () gino
L)€ Za,..., % Jt]) wl LO)= O suh that
Al we)) = Boa-adg@ry (1€ 1E) )
D"& R=Z]a,. a J[[t.td] . T= (4, ¢)
gues F(ti,ty) € Z[,..., 2 [Piu6:1) bl Floo) = ©
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) Flay) = FO/X)
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W) F(Fay), Z) = Fix, F(>,2))

v) Fix,2x)) = O
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Exerzeoe  Shar MW%WW J'e(x) = x+.. < AL
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/
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i) Flx, ¥) = x+ e XY = (1x)(i+¥) =1 e/“Qn
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Defrelion

Lb"«EC&LWWWR.
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i) F2C b 3 mophisms P:F>6, 4767 F sk flek
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wh a; ER . g (Fe¥)) = @(-v)f-éa()d %)
i) Thee io o twigpa povar saiss 2590(T) = T+ 52 T +2 T3
wik b & R, selofppiog wpllog (T)) = T anel lmlop(T)= T
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Fixy)=30xY).
Unigpansro & Lot p(T) = flm(T) = l+aTtaTo....
= F(xY)
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Thn bt o(T) = lin 80 (T) . To short o ncluction, ok
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M?Su w%mﬂf_&fﬂlﬂcﬂ‘abfeﬁ (M?{M'Q@@‘
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Notolon
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Lk F (e..g.fa., Gfmg)ﬁ-eaéom%gmp,g«}r%%o-
powsr nedno FE R[D6YD]. Suppoe that R s complels will
ropack to sove idaod I. Foroc, 4€ L, we diffia
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) £.(T) = (T, +)
) GulD) T (14T, x)

N whyme
I\er}z We. s E(I) CE(k).
Cg@?‘s
MF&LG\WWWR.LG/CAQZMW
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T poctisdor, F(T) hoo ao A= bomian.

Poc

Mo have. LT =T. For n 22 weps BIO)=FEADT

@m,wwwﬁjm = AT P s
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Lek & ba o fpadd.
Defintion &/
V:k*9 2 wﬁd«wﬂ&ﬂ%&n‘é‘@
() viey) = vie)+u(y)
i) vty ) 7 mn Vi), v(y)) (V(o)ff)ﬂ:dﬂr MWW&WJ
Eseaplor
VE=Q,ppiva . V=V, whee Vo (p5) =1
wlh &, beZ copireto P.
i) [k:Q1< 00, rngoff ibigen . R E O o pris. icooh..
V2wl VR G) oo o pauerof p it frolonsalin n b
Rermark
Le£ x,ye k. Defndion -1 =
So:& V() <v(y) tha Vixey) = vix).
HM—% V) Fv(y), ten vixey) = ma(vix), Viy) ).
Lomma_ &2
Lel B4 baanellpli came yill Weirbons 2gpualion
Yraxy +a3y T o Fq, x4 q,x +ag
Aoma thalt V(4:) 3O Y. Lok 0= lxc.y) eElk).
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Ellite Coner @

Lt F (e..g.di, @‘EJ&GWW,M%Q.

Mpﬂat to soma idaod T, gr.x,fjer, we.%ma.
@y = Flxy)e L. Tha FO) = (I, Bp) i an chalioa
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Examploz

EAE e
D) GulI) = (+I, x)

N by
I\ Lm 7'2 we e E(I) C E(k-).
Corlagy 7-5
Le/t):ho\ém\a.(.m over R . Lek ne Z anel auppoa
ne R*. Th, :
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Lokt K ba o fuldl.
Defintion &1
V:*5Z éaa&‘we&%%@
() viey) = vbe)+vly)
) vletyy) 7 mim (Vi) , v(a)) (1) aloe il or unc fiad )
Exvapls
JE=Q,pprive . V=V, whee Vo (P ) =
wilh &, beZ copireto P
i) [£:Q1 < 00, rrgoff bgen . BE O o prina icooh,.
V2 e VR GE) o e poseof p i ta froliioalin i b
Remmark
Lk x, ye k. Defndin -1 >
Sofé V) <v(y) e Vixey) = vix).
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Lomma &2
Le€ B4 bha an ellyly come yill Whiersbors 2gpualion
Yraxy +a3y T o+, q, x +ag
Avowws thak V()20 Yo, Lek¥P = eny) e Elk).
(fan oitle-
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P - .
__rz_b-&_ %%Em&-
Tacoare VXY 2 O:  Suppme v(ﬂ)( O . lla J(LHS)-'-'Zqu)(C
ond. V(RHS) 20 A& Hema viy) 20
Lenilily
The cane VIX)KO:  VILHS) 3 mn(200), V@) 1), v(y) )R
Sub
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JZ,BW
Henee. V(X) = =20, V(Y] =~3r, rome ~E 2, a.

Neboli kit b ook g alipacf s bl
Vabokin gy O = € k* [v=) 2 O J y fo]

Unb grp O™ = e kK* | vix) =0 ] v fo]
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Remark

f) P..lhé x= wnrx!, Y :“33’8“"’*’ a; = Wa,’
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Fx O0<c< /. L/ea%uln.anwbd:mk by
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Oefftion &:1i) =7 dllx, 2) € mane (dzigy) , A(4,2) )
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Lok K be e coplelin ofp K 1l roopact to ol By coninly
)+, % 2ubod bo funchins on K meking K o fald
i) V lindo b B aned s abpo o clisersls, imdusdio
VB, bl e fild de et clovg
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L Sedlin?, we pubs £2 =75, w=- g
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E.(K) = {6ny)eElo) |05 50 ] v fo]
Binoe) cher (K] =0 | char (k) = p
NEliy s Byl 5.
Mo gndly i F o . gong e On th
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Thio &0 27 and > G2 g n-290,
.8 Q”‘ﬂ(x)co-welgna el %'ﬁ: T O .
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Z&t éﬂ = E -65}\003@'(% ~— (OE{ 0"
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e ey )

Lk P, PPy b on th die axceby =1 . (kP =(x,y,
=>‘xi3 = H{,z = Siz (Q.)C" 1-55‘-)

=) &'"'xj/; foqmcr(:—aﬁ- Yi-aX-4 =0

P bty ¥8 O Tl o chok bt fr wlliholie
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min (V) v(), v€)) = O (bynealig ab,c by )
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