Topics in Infinite Groups

1 Introduction

Example 1.1
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Proposition 1.2
H C G is a subgroup of G < H # 0 and Ya,b € H, ab™' € H. We write
H<Gand H< G ifH#G.
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Proposition 1.3
(i) L<Hand H<G= L<G.
(ii) If H; < G Vi € I then NierH; < G.

For H,, H, < G, H, U H, is not generally a subgroup. But...

—
Proposition 1.4 (Ascending sequence of subgroups)

If H < Hy < H3 < ... < G (which means H, < G and H, < Hp41Vn) then
5l M

If we have groups G, (n € N) for which G, < Gpny1 and we form the set
){ = U;°‘=1Gn then X is a group. -
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Definition 1.6

The subgroup (X) generated by X is NH over all H with X C H < G. It’s
the smallest subgroup of G containing X. We write (zy,...,z3),(X,Y), (X, :
i€ I) etc.

Definition 1.7
G 1s finitely generated (fin.gen./f.q.) if G = (g1,...,gx). Otherwise G is
infinitely generated (inf.gen./i.g.).

Example 1.8

G = (g) means G is cyclic. Either G = Z or, if G has order n, we write

G= U
Iﬂ'akﬁ;ﬂ.ﬂ nm-w(;..ﬁw, q:CP Gf‘}: :

Proposition 1.9

If X C G then the elements of (X) are (e and)

zizy? ...zt forng,...,ng € Z
and zy, ...,z € X (but not necessarily distinct).

So G finite = G finitely generated = G countable.
If we have an ascending sequence of subgroups H; < Hy < ... < G then

either
JN such that Hy = Hyy,Vn € N (terminates)
or (on throwing away duplicates) H; < Hy < ... (strictly ascending).

Definition 1.10
G has max (satisfies the mazimal condition) if every ascending sequence of

subgroups terminates. &Ai Noctless
Theorem 1.11 G has maz < H is finitely generated VH < G.
Warning! We can have G finitely generated but H < G with H infinitely

generated. We will see examples later; indeed it can be argued that many
finitely generated groups do not have max.

COSETS: If H < G then the left cosets of H in G are the sets gH =
{gh : h € H} for each g € G.
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Proposition 1.12 (Lagrange for infinite groups)
The left cosets of H in G form a partition of G and any left coset is in
bijection with H.

Note: We have right cosets Hg in bijection with H too. Also there is a
bijection from the set of left cosets to the set of right cosets given by gH
goes to Hg™! (not to Hg).

Definition 1.13

(i) The index of H in G is the cardinality of the set of left (or right) cosets,
written [G : H] if finite.

(ii) A left (or right) transversal is a choice of left (or right) coset repre-
sentatives, with exactly one for each coset.

NORMAL SUBGROUPS: For g,z € G and H < G the conjugate of z
by g is gzg~! € G and the conjugate of H by g is gHg™' < G. Conjugacy
is an equivalence relation.

Definition 1.14

The subgroup N is normal in G (we write N 2G) if:
(i) gN =Ng Vg€ G &

(i1) gNg' =N Vg e G &

(i1i)) gNg ' < N Vg€ G &

(iv) N is a union of conjugacy classes of G.

Examples:

(i) I<Gand G AG.

(ii) If G is abelian then H < G for all subgroups H (but not the converse).
(iii) If [G: H] = 2 then H 4G.

Proposition 1.15 (cf. Proposition 1.3)

(i) f NG and H< G then NN H < H.

But MAN,NAG # M<G. ot traailive , wae Dg
(33) N, QGViel = mieINi 4G.

Proposition 1.16 (cf. Proposition 1.4)
IfN; < Ny <...<G with N, 9SG Vn €N then U2 N, 4G.

Let X CG.
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Definition 1.17 (¢f. Definition 1.6)

The normal closure ((X)), or ((X))g to be clear, of X in G is NN over
all N with X C N QG and is the smallest normal subgroup of G containing
X

Note: We have X C (X) < ((X)) but ((X)) can be much bigger than (X). "
e' - = H / ln X ."C < K),
Proposition 1.18 (cf. Proposition 1.9) 3. X sl ool in . KXy :

If X C G then the elements of ((X)) are (e and)
9170 07 922505 - gzt gy

Jorny,...,ng € Z, z1,...,2p € X and g,...,9x € G (but not necessarily
distinct).

SET PRODUCTS: If A, B < G then the set product AB = {ab: a €
A,b € B} is not in general a subgroup of G.

Proposition 1.19

(i) AB< G & AB = BA.

(ii) If so then AB = (A, B).

(1ii) For N QG and H < G we have NH = HN.

HOMOMORPHISMS: A function § : G — H for groups G, H is a ho-
momorphism if 8(zy) = 0(z)0(y) Vz,y € G. It’s an isomorphism if @ is
bijective (both surjective=onto and injective=1-1) which is equivalent to 3
an inverse ' : H — G (inverse here means two sided inverse), in which case
! is unique and is also a homomorphism. We write G = H, they are then
the same as abstract groups.

SETS AND FUNCTIONS: If X,Y are sets and f : X — Y is a func-
tion then for U C X the image (or pushforward) of U is f(U) = {f(z) :
z € U} CY, and for V C Y the inverse image (or pullback) of V is
fTHV)={zeX: f(z)eV}CX.

Lemma 1.20
() f7 f(U) DU and is equal if f is injective.
(i) ff~H(V) CV and is equal if f is surjective.

Theorem 1.21 If6: G — H is a homomorphism and A < G, B < H, we
have (A) < H, 071(B) < G and if B H then 6~ (B)<G. If0 is surjective
then A G = 0(A) < H.
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Consequently the image 0(G) of 6 is a subgroup of H and the kernel ker
6 = 9~1(I) is a normal subgroup of G. In fact we have

Corollary 1.22 For 6 : G — H with A< G, B < H and K = ker § we
have 0~10(A) = AK and 607'(B) = BN 6(G).

QUOTIENTS AND THE ISOMORPHISM THEOREMS: If N <G
then the set of (left) cosets forms a group under the well defined multiplica-
tion zN - yN = (zy)N. We say the group G/N is a quotient of G.

Theorem 1.23 (Homomorphism Theorem)
If6: G — H is a homomorphism then G/ker 6 = 6(G).

What are the subgroups of G/N? If N < H < G then N < H and H/N <
G/N.

Theorem 1.24 (Correspondence Theorem)
If N < G then the subgroups of G/N are ezactly H/N for N < H < G and
the normal subgroups are ezactly L/N for N < LG.

Note: If 7 : G — G/N is the natural homomorphism and H < G then
n(H) = HN/N.

Theorem 1.25 (Product Isomorphism Theorem)

IfH <G and N <G then H/(HNN) = HN/N.

Theorem 1.26 (Quotient Isomorphism Theorem)
Let N,L QG with N < L. Then (G/N)/(L/N) = G/L.

Definition 1.27 Given 6 : G — Hand N <G withw : G — G/N the natural
homomorphism, we say that 6 factors through G/N if 3 f:G/N—> H
with 6 = Or. We must have N < ker 0 and this is sufficient by setting
0(gN) = 0(g).

EXTENSIONS: If G/N = @ we say that G is an extension of N by Q.
We write G is N-by-Q but this does not necessarily determine G uniquely!

Lemma 1.28 If G is A-by-(B-by-C) th-ez G is (A-by-B)-by-C.

Comtae doey NOT fotol in gtrend,
Poft %4 =@, Q=cC

¢
e o R

oo

Comtne. A.‘:_: (Cz%cz) %C3
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GROUP PROPERTIES: These only depend on the abstract structure of «

the group. It is always worth asking whether a group property is preserved @( <s,,.., 9 n>)
by (i) Subgroups, (ii) Quotients, (iii) Extensions (namely if G/N 2 Q and I

N and @ both have this property then G does too).

For instance, what about finite, countable, cyclic, abelian, finitely generated,
max?

<Q(3‘ }t ~ 6(3'\

Theorem 1.29 The properties finitely generated and maz are preserved by
extensions.

ACTIONS: We say the group G acts on the set X (on the left) if there is
a function ¢ : G x X — X such that

(e, x) = z and Y(g1,%(g2, 7)) = ¥(9192,2)Vq1, 92 € G,Vz € X.

Note for each g € G the function z — 9)(g, z) is a permutation of X (put in
g~', 9 and then g, ¢! to get an inverse).

Equivalently there is a homomorphism p : G — S(X) given by p(g)(z) =
W(g, ).

We say G acts faithfully (effectively) if p is injective. We can then unam-
biguously write g(z) for p(g)(z); we sometimes do this anyway. We say the
action is (fixed point) free if p(g)(z) = z = g = e (which implies faithful).
For z € X the orbit Orb(z) = {p(g)(z) : ¢ € G} C X and the stabiliser
G: = {9 € G : p(g)(z) = z} < G. The orbits form a partition of X and the
action is transitive if there’s one orbit. If y = p(g)(z) then G, = gG,g™"
so stabilisers are rarely normal.

Theorem 1.30 (Orbit-Stabiliser)
If G acts on X then for z € X the sets Orb(z) and {left cosets of G,} are
in bijection.

Example 1.31

(i) G acts on itself via p(g)(z) = gz. This is transitive, and also free so
G < S(G).

(1) G acts on itself by conjugation: p(g)(z) = gzg~'. Here Orb(z) is the
conjugacy class of = while the stabiliser is the centraliser {g € G : gz =
zg} of x in G, written Cg(z) or sometimes just C(z) when clear. Note
() < C(z) but it’s not generally abelian.

pﬁ @Jgaé<%r,---,65>

Ip =@, N= <hpiney, @=L N, -, g5V 7, Han g W= Qe fr @ “200
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We also have for H < G the centraliser Cg(H) = {9 € G : gh = hg
Vh € H} = NperCq(h). We set Cg(G) = Z(G), the centre of GG, which is
abelian and normal.

Moreover G acts on the set of its subgroups by conjugation: p(g)(H) =
gHg ' < G. Then Orb(H) is the set of subgroups conjugate to H and the
stabiliser is the normaliser N(H) = {g € G: gHg ' = H} < G. It is the
largest subgroup of G in which H is normal. Also C(H) < N(H).

AUTOMORPHISMS: An isomorphism (homomorphism) from G to G
is an automorphism (endomorphism).

Example 1.32 For any g € G, ay(z) = gzg™' is an automorphism so H =

gHg™!. These are the inner automorphisms and form a group Inn(G) under
g : g

composition. Cmg»%a-a.

We have oy = e & g € Z(G) so G/Z(G) = Inn(G). Moreover all automor-
phisms form a group Aut(G), with Inn(G) < Aut (G) and the quotient is
defined to be the outer automorphism group Out(G) of G.

Definition 1.33 The subgroup C of G is characteristic in G if a(C) =C
Va € Aut(G) (but a(C) < C Va is enough), so C AG.

Like 4 but ;
Proposition 1.34
(i) A characteristic in B, B characteristic in C = A characteristic in C. Craasilis€
(ii) A characteristic in B and B C = A<QC.

oo W orcands " to auborophiymn ~ & |

DIRECT PRODUCTS: We can form the direct product G; x G, from
groups G1, Gy via (z1,Z2) - (y1,¥2) = (Z1y1, Toy2). This is external, we can
also do this internally.

Proposition 1.35 If M\, N < G with MN = G and M NN = I then 6 :
M x N — G given by 6(m,n) = mn is an isomorphism.

We can extend this drastically:

Definition 1.36 Given groups G, for n € N, the Cartesian (unrestricted)
product is the set of all sequences with nth component an element of G, and
pointwise multiplication; we write [ [,y Gn. The direct product XneNGn 18
the subgroup of sequences which are eventually e.
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Note: If Gy, # I for infinitely many n then xG, is infinitely generated and
[[ G is uncountable.

SEMIDIRECT PRODUCTS:

Definition 1.37 Given groups G, Gy and a homomorphism ¢ : Gy — Aut(G,)
then the semidirect product G, x4 G, is the set of ordered pairs with mul-
tiplication

" (z1,2) - (y1,92) = (21(P(22) (11)), T2y2).

Example 1.38

(i) ¢ the trivial homomorphism gives the direct product.

(1) Take Z = (z) (written additively) and Cy = {e,c}. Then Z x4 Cy with
¢(c)(z) = —2z is the infinite dihedral group.

Proposition 1.39 (¢f. Proposition 1.85)
IfH<Gand NAG with NH=G and NNH =1 (so G/N = H by 1.25)
then 0 : N x4 H — G given by 6(n,h) = nh and ¢(h)(n) = hnh™' € N is an
1somorphism.

So again the internal and external versions are equivalent. There is another
point of view:

If G/N = Q with 7 : G — G/N the natural projection, we say that the
extension splits if 34 < G such that 7 : H — @ is an isomorphism.

Now for G = N H a semidirect product, 7 restricted to H is an isomorphism
as H Nker m = I. But a split extension implies HNN = [ and NH = G as
7(H) = n(G), so they’re the same.

Example 1.40

SL(2,C) = {A € GL(2,C) : det A = 1} < GL(2,C) with quotient C —
{0}. If I is the 2 x 2 identity matriz then PSL(2,C) = SL(2,C)/{+L,}.
This extension does not split because we have elements g (of order four) in
SL(2,C) with w(g) of order two in PSL(2,C), but the only element of order
21in SL(2,C) is —I, with n(—L) =e.

let H M%c(l) 5 szi‘f) %wautba f(n pet) :n€Z5 as oy hElt & a prem

oy NN 20 ke A produck ofy Emacparlions.

Mplur&' Zu B2, D(z) Z+!
?—LJU:C (A Aet) P(c):) oo G=<LiONY, B>

G b 2%"‘"""6"’-'; H<4G, ’HM& P‘@'
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Topics in Infinite Groups
Topological Background

We follow the books Lee and Hatcher as in the course summary.

X is a topological space which is always assumed to be path connected
and locally path connected:

Vz € X and V open U C X with 2 € U, we have an open path connected set
Pwithze PCU.

Let f,g: X — Y be continuous maps (and let A C X).

A homotopy between f and g (relative to A, written rel A) is a continuous
map H : Xx[0,1] = Y with H(.,0) = f and H(.,1) = g (with H(a,t) = f(a)
Va € A and Vt € [0, 1], S(@d g must agrew. This is an equivalence
relation, written f ~ g (or f ~ g rel A).

A (strong) deformation retraction of X onto A C X is a homotopy rel A
from Idx tor: X — X with r(X) C A and r|4 = Ida.

For zy € X the fundamental group (X, ) is the group of homotopy
classes of closed paths « with start and end zo (in other words v : [0,1] — X
is continuous with v(0) = (1) = zp). Changing the basepoint zy “doesn’t
matter” as we obtain an isomorphic group, written 7 (X).

Any continuous map f: X — Y induces a homomorphism f, : 7 (X) —
m(Y). If X is homeomorphic to Y (which is also written X = Y) then
m (X) = TTl(Y).

X is homotopy equivalent to Y (written X =~ Y) if there exist contin-

" uous maps f: X - Y and g: Y — X such that gf ~ Idy and fg ~ Idy. If

so then f, : m(X) — m(Y) is an isomorphism.

X is contractible if X ~ {z}, which implies that X is simply con-
nected (meaning that 7, (X) is the trivial group).

Seifert - Van Kampen Theorem (Hatcher Theorem 1.20 in the case
where the intersections are simply connected): If X = U,A, where all of the
A, are path connected and open in X, with g € N,A, and each pairwise
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and triple intersection Ay, N Aayy Aay N Aa, N Ag, is simply connected then

m1(X) = %4 m1(Aa).

If AC X and v : A — X is the inclusion map then s Ly T (A) —
71 (X') might not be injective or surjective (see picture). But in a deformation
retraction X ~ A (by taking f = r and g as inclusion of A=Y in X) so X
and A have isomorphic fundamental groups.
- A continuous map pmovering map (with X a covering
£ space for X) if Yz € X there exists an open neighbourhood V' of z with
_ p~Y(V) a disjoint union of open sets in X, each of which is mapped homeo-
=% morphically by ponto V. As X is he cardinality of p~*(z) (which
is non-zero as we assume X, X # () i{constant: the degreepr number of
sheets.
P Given a path v : [0,1] — X and a point Z above (0), there exists a unique
B, path 7 : [0,1] = X lifting  (namely p¥ = 7). Moreover p, : m(X) = m(X) -
is injective.
Now assume X is locally contractible.
Classification of Coverings Theorem: For each H < m;(X) there exists
a cover p : X — X with p,(m;(X)) = H (this cover is “unique”). The degree
isThe index of H in m(X).
A deck transformation of the cover p : X — X is a homeomorphism ¢
i of X such that p¢ = p. They form a group D and for any zo € X the action
and zome of D on p~}({ze}) C X is transitive if and only if p,m (X, 7o) is normal in
- m1(X, zo), in which case we say p is a regular cover.
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